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Abstract 
A stochastic uncertainty quantification approach has been introduced into heterogeneous slope stability evaluation 
with the aid of probabilistic collocation method. This method combines Karhunen-Loeve expansion and polynomial 
chaos expansion to estimate the stochastic properties by running the deterministic geomechanics simulation models 
independently. With this approach, yield approach index of a heterogeneous slope is computed. The results show that 
in the toe and middle region FAI have the largest value indicating more instability, and the standard deviation field 
demonstrates that uncertainty has the largest value in the toe. 
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1. Introduction 
Geological materials often have high degree of heterogeneity, which results the uncertainty of the 
numerical modeling. In dealing with this problem, stochastic field descriptions of the uncertainty input 
parameters are employed. Monte Carlo method is the most commonly used and easily implanted approach. 
With this method, a large number of realizations of the random input field are created. Deterministic 
equations are solved, and then the output field distribution can be obtained directly with statistical 
calculation. But it is time-consuming for that it needs a great number of realizations to make sure the 
accuracy. In some other methods, such as moment equations method and polynomial chaos expansion 
method, coupled statistical differential equations are generated which is difficult to be solved. 
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In this study, we present a new method, probabilistic collocation method (PCM), with combination of 
Karhunen-Loeve and polynomial chaos expansion. In this method, realizations are greatly reduced 
compared with Monte Carlo, and coupled equations are not confronted. We introduce this new method 
into geomechanical problem to confirm its validity and efficiency. 
2. Mathematical formulation 
2.1. Karhunen-Loeve expansion 
Let ),( TxY  be a random input space function, where Dx  and 4T (a probability space). One may 
write ),()(),( TT xxx YYY c , where )(xY the mean is and ),( TxY c  is the fluctuation. The spatial property of 
the stochastic field can be described by the covariance !cc  ),(),(),( TT yxyx YYCY . The covariance may be 
decomposed as: 
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Where iO  and )(xif  are eigenvalues and deterministic eigenfunctions, respectively, and can be 
solved from the following Fredholm equation: 
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Then the stochastic field ),( TxY  can be expressed as: 
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Where )(T[ i are orthogonal Gaussian random variables with zero mean and unit variance. 
Take a truncated KL expansion in the computation: 
¦
 
 
N
i
iii fYY
1
)()()(),( T[OT xxx                                                  (4) 
For a two-dimensional stochastic field, we assume that the covariance function ),( yxYC is separable, 
for example )//exp(),( 222111
2 KKV yxyxC YY  yx  in a rectangular 
domain ^ `221121 0;0:),( LxLxxxD dddd , the eigenvalues and eigenfunctions can be obtained by 
combining those in each dimension, where 
2
YV  and K  are the variance and the correlation length of the 
field, respectively. The eigenvalues and eigenfunctions can be expressed as: 
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where i,Z are the positive roots of the characteristic equation:  
)cos(2)sin()1( 22 LL ZKZZZK                                                    (8) 
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2.2. Polynomial Chaos Expansion 
Since the input random fields are represented by Karhunen-Loeve expansion, dependent random fields 
of output spatial structure can be found with unknown covariance. In such case, polynomial chaos 
expansion may be used to describe the dependent random fields. 
With the polynomial chaos expansion, each random field can be expressed as: 
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It can be truncated by finite terms, and can be written simply as  
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where )(xjc are the coefficients vectors, and )([j< are Hermite Polynomials. 
2.3 Probabilistic collocation method 
Consider a stochastic differential equation 
),(),,( tftLy xx  T                                                            (11) 
where ),,( Tty x is the unknown random function of space x  and time t , and ),( tf x is the source term. 
L  involves differentiations in space and can be nonlinear. Represent ),( ty x  by a set of truncated 
polynomial chaos expansion ),,(Ö Tty x . 
))((),(),,(Ö
1
T[T i
P
i
i tcty < ¦
 
xx                                               (12) 
The weighted residual method in the random space is expressed as 
^ `³  [ [[[[ 0)()(),( dpwcR ji                                                (13) 
Where ^ ` fyLcR i  Ö),( [ is the residual, )([jw is the weighted function, )([p is the joint probability 
density function of[ . 
In the probabilistic collocation method, the weighting function is chosen as the Dirac delta function 
)()( jjw [[G[                                                            (14) 
where j[ is a particular set of the random vector [  selected with certain algorithm, the elements in 
j[ are called the collocation points. Then, Eq.13 becomes, 
^ ` 0),(  [icR                                                               (15) 
which results in a set of independent equations, evaluated at the given sets of collocation points, j[ , 
where Pj ,,2,1 ! . The choice of Dirac delta function as the weighting function leads to independent, 
deterministic simulations. 
3. Case Study 
There are four steps to utilize the PCM: (1) Represent the input random field using KL expansion. In 
this step, a number of realizations of random field are created. Like Monte Carlo method, these 
realizations are used in deterministic computations; (2) represent the outputs using polynomial chaos 
expansion. The random variables used in this step are the same with the variables in step one; (3) 
determine the unknown coefficients in the polynomial chaos expansion using the PCM technique; (4) 
estimate the statistical properties of the outputs. 
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We introduce it into geotechnical field to solve heterogeneous slope stability analysis. In this section, 
yield approach index (YAI) is used to evaluate the stability states of every point. YAI characterize the 
degree of the stability of points in the Haigh-Westergaard space compared with the relative safe point.[4-
5] 
The expression of YAI based on Mohr-Coulomb strength criteria is: 
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where c ,M  are cohesion and internal friction angle, respectively; VT is Lode angel; tV  is tension 
strength; SV , SW  are normal stress and shear stress in S  plane, respectively; RV  is tension-shear 
transform stress. 
In this case study, FAI of a heterogeneous slope is computed. Cohesion is considered to be the input 
stochastic field, and the output result is FAI distribution. In stead of Monte Carlo method, eigenfunctions 
and their arrangements are used to generate realizations. Figure1 is the first to fourth eigenfunction. 
Figure 2 is a realization of cohesion random field. 
 
(a)                                             (b)                                          (c)                                          (d) 
Fig 1. Eigenfunction field of KL expansion. (a) the first eigenfunction; (b) the second eigenfunction; (c) the third eigenfunction; (d) 
the fourth eigenfunction. 
 
Fig 2. A realization of cohesion random field 
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Figure3 shows the mean FAI and standard deviation value of 231 realizations using PCM simulation. 
The mean FAI distribution indicates that toe and middle region of slope have larger value than other areas 
which means instability in these places and more closer to yield. The standard deviation demonstrates that 
uncertainty has the largest value in the toe. 
 
Fig 3. (a) Mean FAI; (b) standard deviation value 
4. Conclusion 
A stochastic uncertainty quantification approach has been introduced into heterogeneous slope stability 
evaluation with the aid of PCM. This method combines Karhunen-Loeve expansion and polynomial 
chaos expansion to estimate the stochastic properties by running the deterministic geomechanics 
simulation models independently. With this approach, yield approach index of a heterogeneous slope is 
computed. The results show that in the toe and middle region FAI have the largest value indicating more 
instability, and the standard deviation field demonstrates that uncertainty has the largest value in the toe. 
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